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The crystal structure of KH2PO a was examined by X-ray analysis just above and just below the 
ferroelectric transition at  122 ° K. Observation temperatures were 126 ° K. for the tetragonal I42d 
(or F-4d2) structure and 116 ° K. for the orthorhombic .Fdd structure. Complete sets of intensities 
were measured from oscillation photographs for (HHL) reflections in F4d2 and (HKO) and (HHL) 
reflections in Fdd. In  the case of (HKO) observations, an electric field was applied parallel to the 
ferroelectric c axis to eliminate splitting and non-equivalent superposition. The field was not re- 
quired in the (HHL) case. The structures were solved by Fourier projections and refined by differ- 
ence syntheses and least-squares analyses. Values of the reliability index R were 12-1 for (HHL) 
in F4d2, 13.5 for (HKO) in Fdd, and 11.8 for (HHL) in Fdd. 

The hydrogen bonds were found to contract from a room-temperature distance of 2.53/~ to 
2.44/~ at  126 ° K., and to expand in the transition to 2.51 /~ at  116 ° K. A K displacement of 
0"08 A relative to the nearest P's,  or 0.05/~ relative to the corresponding 04 tetrahedra,  was 
observed parallel to the c axis. The Oa tetrahedra were found to be more regular than at  room 
temperature;  below the transition temperature the central P 's  were displaced by 0.03/~ within the 
tetrahedra.  Thermal vibrations were anisotropic, with maximum displacement along the c axis. 
The much discussed ordering of the hydrogens appears to be in accord with the observed structural 
changes. 

1. I n t r o d u c t i o n  

Almost  all of the  numerous  studies of potass ium 
dihydrogen phosphate  which have  appeared  in the  
l i terature  in recent  years  have  been concerned either 
with the  piezoelectric properties of this crystal  a t  
room tempera tu re  or the  t rans i t ion to a ferroelectric 
s ta te  a t  122 ° K.  The ferroelectric t rans i t ion was dis- 
covered by  Busch & Scherrer  (1935), and  subsequent ly  
these invest igators  and their  associates a t  Ziirich 
contr ibuted  much of wha t  is now known about  the  
dielectric behavior  of this crysta l  and  its several  
isomorphs. Despite the  considerable a t ten t ion  the  
d ihydrogen phospha te  ferroelectrics have  received, no 
entirely sa t is factory explanat ion has been advanced  
for their  behavior.  The most  general ly accepted theory  
is t h a t  of Slater  (1941). While this theory  m a y  be 
correct in some of its main  features,  it  falls short  of 
a full explanat ion.  

Accura te  informat ion on the  crystal  s t ruc ture  of a 
ferroelectric is fundamen ta l  to the  achievement  of 
unders tanding  its ferroelectric properties.  An accurate  
de terminat ion  of the  crystal  s t ruc ture  of KH2PO 4 a t  
room tempera tu re  was made  more t h a n  t w e n t y  years  
ago by  West  (1930), and it was on this work t h a t  the 
Slater  theory  was based. At  the  t ime Slater  published 
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Brookhaven National Laboratory. Computations on X-RAC 
supported by Contract No. N6onr-26916 with the Office of 
Naval Research. 

his theory  no X - r a y  s tudy  had  been carried th rough  
on the  s t ruc ture  below the  ferroelectric t rans i t ion  
(Curie) t empera ture .  Subsequent  X - r a y  studies by  de 
Quervain (1944) and by  Ubbelohde & Woodward  
(1947) established a change a t  the  Curie point  f rom 
the  room- tempera tu re  t e t ragona l  142d s y m m e t r y  to 
t h a t  of the  or thorhombic  space group Fdd.  These 
invest igators  also measured  the  a l tera t ions  in the  
lattice, and  repor ted  changes in X - r a y  intensities for 
several of the  diffract ion max ima .  The la t te r  were not  
correlated with a redis t r ibut ion of electron density,  
however,  a l though de Quervain  did propose a model 
for the  or thorhombie  s t ructure ,  some features  of 
which have  been found to be correct. 

The purpose of the  present  invest igat ion was to 
determine by  X - r a y  analysis the  s t ruc ture  of KH2PO 4 
a t  t empera tu res  just  above and  just  below the Curie 
point.  Some measurable  changes in in tera tomic  
distances were to be expected between the  s t ruc ture  
as determined by  West  a t  room tempera tu re  and t h a t  
just  above the  t rans i t ion  point,  and these could be 
expected to provide insight into the  na tu re  of the  
t ransi t ion.  The s t ruc ture  jus t  above the  t rans i t ion 
point  affords informat ion on t empera tu re  corrections 
for the  a tomic scat ter ing curves in this t empera tu re  
range, and is preferable to the  room- tempera tu re  struc- 
tu re  for deductions of the  mechanism of the  transi t ion.  

The X - r a y  observations on which the  results dis- 
cussed here are based were recorded photographical ly  
a t  the  t e m p e r a t u r e  116 ° K.  and 126 ° K.  using a low- 
t empera tu re  goniometer  designed and constructed in 
this l abora to ry  (Frazer  & Pepinsky,  1950). 
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2. The  r o o m - t e m p e r a t u r e  s t ruc tu re  

(A) Summary of West's structure 
Potassium dihydrogen phosphate crystallizes in the 

tetragonal space group I42d with 4 'molecules' of 
KH2PO 4 per unit  cell. The cell dimensions found by 
West (1930), and somewhat more accurate values 
observed later by Ubbelohde & Woodward (1947), 
are as follows: 

a - = b  c 
(A) (h) 

7"43 6"97 (West) 
7.4"34 6.945 (Ubbelohde & Woodward) 

The atomic coordinates* in this unit  cell are given in 

Table 1. Coordinates in I42d 
4P: 0,0,0; ½,0,¼; ½,½,½; 0,½,-~. 
4K: 0,0,½; ½,0,~; ½,½,0; 0,½,¼. 

160: x,y,z; ½--x, y, L--z; 
x, y, z; ½+x, ~, L-z; 
~, x, ~; ½+y, x, L+z; 
y, x, z; ½-y,~, L+z; 

8H: 

Table 1. 

+ 8  similar points about ½, ½, ½. 
¼, u ,~ ;u ,~ ,~ ;  ~,~,~; ~ ,L, i ;  
4- similar points about ½, ½, ½. 

West found the oxygen parameters to be 

x -- 0.0805, y = 0.144, z = 0.139. 

These values resulted in a fairly regular P04 tetra- 
hedron with P, 0 = 1.56/~, O, 0 = 2.46/~, and O, O' 
= 2.60 A, where the O, 0 distance is between oxygens 
of the same elevation in the c direction and O, O' is 
that  between those of opposite elevation (relative to 
the central P atom). Each K was found to be sur- 
rounded by eight practically equidistant oxygen 
neighbors" 

K, 0 = 2.79 A for the four O's of P04 groups 

above and below K, and 

K, O ' =  2.81 ~ for the four other neighbors. 

The distance between nearest oxygens of adjacent PO 4 
groups was found to be 2.54/~ which strongly sug- 
gested the existence of hydrogen bonds. Because of 
this distance and the improbabil i ty of the alternative 
8-f01d position in I~2d, W~t chose the 8-fold position 
for hydrogen as shown in Table 1. The logical assump- 
tion, that  the hydrogen would be located on the line 
of centers of the oxygens, then led to his assignment 
of u = 0.144 as being probable for the hydrogen para- 
meter. 

A schematic projection of the structure on (001) is 

* This choice by  West is a 90 ° rotat ion about c from tha t  
listed in the I n t e r n a t i o n a l  Tables  for this space group. See 
In t e rna t iona le  Tabel len  zur  B e s t i m m u n g  von  K~' is ta l l s trukturen,  
(1944). 

shown in Fig. 1. The large circles represent potassium 
atoms and the small circles the oxygens. The phos- 
phorus positions are omitted since their positions at 

® iP a - ;  

2 ,  
I+I, , I I l 

,,, q -%-  

'_, le - - -c  5- 2 e-- 

Fig. 1. Schematic projection of tetragonal KH2PO 4 on (001). 
Large circles: potassium; small circles: oxygen. 

distances ½c above and below the potassiums are 
obvious. The broken lines indicate the hydrogen bonds 
presumed to connect the PO 4 groups. 

The agreement between calculated and observed 
data in West 's paper would be considered excellent 
today, but it is even more striking when one considers 
that  this work was published in 1930. Applying the 
usual 'reliability factor' R as a criterion of correctness 
of the structure:  

R -- {ZlFo-F~I +ZlFol} ×100, 

where the Fo are the observed and the Fc the calculated 
structure factors for the various reflecting planes, and 
the summations are over all planes concerned, the 
following values can be calculated from the data in 
West 's paper: 

R = 8 . 7  for (HOL) reflections; 
R = 6 . 1  for (HK0) reflections. 

These are excellent for a structure of this type. 

(B) The hydrogen positions 
Because of the low scattering power of h~ydrogen 

as compared with the other atoms in the structure, 
no actual evidence supporting t h e  above location of 
the hydrogens appeared in West 's Fourier analyses. 
I t  is now well known that  Fourier difference syntheses 
(C0chran, 1951) can in some cases yield hydrogen 
positions. Normally the hydrogen contributions are 
so small that  they are neglected in the calculation of 
structure factors. The observed structure factors con- 
tain the hydrogen contributions if the intensi ty data 
are accurate. If one subtracts the electron density 
distribution obtained by using the calculated structure 
factors as Fourier coefficients from that  in which the 
observed values have been used, the hydrogen peaks 
should occur in the resulting difference map. Success 
with this method depends on factors such as the 
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accuracy of the experimental observations and their 
reduction to structure factors, the densities of the other 
atoms in the structure, and the degree of refinement 
attained in positional and temperature-correction 
parameters. The difference method can itself be used 
to improve the last-mentioned parameters. 

Upon calculation of the low values of R from West's 
data, the difference method was applied in an attempt 
to establish the hydrogen positions. Although the 
lower value of R was obtained for (HKO) data, the 
heavy K and P peaks are superimposed in the projec- 
tion on (001.). Owing to this superposition, small 
errors in the P and K scattering curves could cause 
large ripples which 'wash out' the hydrogen peaks. 
The method was applied to (HOL) data, since in the 

Fig. 2. 

T C  

J 

(Fo--Fc) projection on (010) using West's data. 

gen peaks in a Fourier projection on (001), and suggests 
that  the protons are disordered, with apparently two 
haft-protons, on the average, in a double-minimum 
between the oxygen pair. This could account for the 
elongated electron cloud apparent in the difference of 
Fig. 2. 

3. P re l imina ry  c o n s i d e r a t i o n s  of the  t r a n s i t i o n  

(A) The space groups 
Discussion of the tetragonal structure of KH2PO 4 

is usually in terms of the I42d cell described in the 
preceding section. I t  is convenient to introduce the 
alternative F-4d2 representation of the tetragonal cell, 
in order to facilitate comparison with the Fdd sym- 
metry below the Curie point. One obtains the F4d2 
cell from I42d by choosing the base diagonals of the 
I cell as the a and b axes of the F cell and retaining 
the c axis. This doubles the volume of the cell and gives 
8 KH2PO l 'molecules' per cell. The coordinates ob- 
tained by transforming those in Table 1 in this way 
are given in Table 2. 

8P: 
8K: 

32 O: 

16H: 

Table 2. Coordinates in F4d2 

(0,0,0; ½, ½,0; ½,0,½; 0, L½)+ 
0, 0, 0; ¼, ¼, i .  
o, o, ½; t-, L i .  
x,y,z; k - -x , i+y , i+z ;  
x,y,z; ¼+x ,k -y , i+z ;  
~, x, ~; t+Y, i+x, i - z  
y,x, z; i - y ,  k-x,  t - z  
u,u-¼, i; u+t, ½-u, t; 
½-u, t - u ,  t; t - u , u ,  t .  

(010) projection the P and K peaks are separated by 
distances of ¼c. 

A portion of the (Fo-Fc) projection of (010) is 
shown in Fig. 2. The shaded regions indicate negative 
and the unshaded regions positive values of the 
difference function. The P, K and 0 positions are 
shown as small unshaded circles. One notices a well- 
defined positive peak midway between two oxygens. 
This seems to check the selection of the 8-fold position 
given for hydrogen in Table 1, but offers no in- 
formation on the parameter u. The behavior of the 
difference function in the neighborhood of the P, K 
and 0 positions shows that  improvements could still 
be made. The negative peaks at these positions suggest 
that  somewhat stronger temperature corrections, 
slightly anisotropic in the cases of P and K, would 
reduce the extraneous ripples and make the hydrogen 
peak more prominent. The hydrogen peak is extended 
in the direction of the bond. 

I t  is possible that  the method could be applied 
successfully to the (001) projection as well. Results 
obtained recently by neutron diffraction (R. Pepin- 
sky & B. C. Frazer, unpublished) promise information 
far beyond the possibilities of the above procedure, 
however. The neutron study has demonstrated hydro- 

The hydrogen-bonded system of PO 4 tetrahedra, as 
seen looking down the c axis in the F4d2 cell, is shown 
in Fig. 3. The potassium positions are at a distance of 
½c above and below the center of the tetrahedra. 
Thinking of the c axis as vertical, it is noticed that  the 
hydrogen bonds always link an 'upper' oxygen of one 
PO 4 group to a 'lower' oxygen of a neighboring group. 

s t t "  J 

3+ 

• _ , , " " "  - _ _  - - -  " ,  " .  

- ,  

t # , 

Fig. 3. The H~PO a system in F,ld2. 
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The linkage is never 'upper' to 'upper' or 'lower' to 
'lower'. 

I t  is convenient here to review the basic feature of 
the Slater (1941) theory for the KH~PO 4 transition. 
This theory assumes that  both above and below the 
Curie point each PO 4 group has two closest H atoms, 
so that  H~PO 4 groups exist. Above the Curie point 
the two H's of an H~PO 4 group are associated with 
any two of the four O's of a PO 4 tetrahedron (with the 
sole limitation that  not more than one H will lie 
between two oxygens of neighboring PO 4 groups), so 
that  the orientation of the HgPO a groups is disordered. 
Below the Curie point ordering occurs, in such a way 
that  ferroelectric domain hydrogens are associated 
more closely with only the 'upper' oxygens of all of 
the PO 4 groups, and in another domain only with the 
'lower' oxygens. The H~PO 4 dipoles, with their 
orientations parallel or anti-parallel to the c axis, are 
then presumed to account for the spontaneous polariza- 
tion. An objection here is that  the hydrogen bonds are 
nearly perpendicular to the direction of polarization, 
and could not of themselves account for charge dis- 
placement along the c axis. What is further required in 
Slater's model is that  movement of the hydrogen causes 
some other ion or ions to be displaced in the c direction. 
The model is consistent with the Fdd symmetry found 
later by X-rays. 

In a transition from the F4d2 symmetry to that  of 
Fdd the following changes occur: 

(a) The equality of the a and b axes is no longer 
required. 

(b) The 4 axes parallel to c become 2-fold axes. 
(c) The 2-fold rotation and screw axes perpendicular 

to c are destroyed. 
(a) permits a shear in the old 1-42d cell. A shear of 

27' was measured by de Quervain (1944) and by Ubbe- 
lohde & Woodward (1947), and a value between 23' 
and 30' has been calculated by Yomosa & Nagamiya 
(1949). (b) and (c) permit the mechanism of the Slater 
model, and in addition permit other ionic displace- 
ments not there considered. 

The atomic coordinates in Fdd are shown in Table 3. 
Both P and K become free in their z coordinate, but, 
as shown in Table 3, the P's have been chosen to 
define the lattice. The variable K parameter zk is 
given as a displacement from the symmetry-fixed F4d2 
positions. The set of 32 equivalent oxygens in F-4d2 
split into two non-equivalent 16-fold sets in Fdd. One 

Table 3. Coordinates in Fcld 

(o,o,o; ½,½, o; ½, o, ½; o, ½,½)+ 
8 P :  0, o, 0; 3 , 3 , ~ .  
8 K :  o, o, ½+zk; 3, 3, ~ + z k .  

1 6 0 :  xl, Yl, Zl; ¼÷Xl, ¼--Yl, ~÷Zl; 
xi, Yi, zl; ¼--xi, ¼+Yl, ~-'{-Zl; 

100: ~2, x2,~2; ¼+yo, ¼+x2, ~:--z2; 
y~, x~, z~.; ¼--y~, ¼--x~, ~---z~. 

16H:  u , v , w ;  S - u ,  ¼ + v , ~ + x ;  
u, v, w; ¼+u, ¼-v, ~+w. 

of these consists of the 'upper' and the other the 
'lower' oxygens. Hydrogens are then in 16-fold general 
positions. 

(B) Structural nature of the problem 
The problem of gathering the necessary diffracted 

X-ray intensity data for solving the orthorhombic 
structure of KHgPO 4 contains a complication which 
is not encountered in the usual crystal-structure de- 
termination. One is in effect simultaneously observing 
one half of the crystal in one position and the other 
half in a position rotated 90 ° about the c axis. This 
occurs because below the transition the crystal is not 
spontaneously polarized uniformly in one direction, 
but instead consists of many small domains which one 
may regard as being statistically polarized in directions 
parallel and anti-parallel to the c axis. A single re- 
flection from what was an (HKL) plane in F4d2 be- 

comes simultaneously an (HKL) and a (KHL) re- 
flection in Fdd. In general, these planes may differ 
both in interplanar spacing and in intensity of their 
diffraction maxima. If the difference in the interplanar 
spacing were large, and the two maxima could be 
resolved, there would be no problem. Resolution occurs 
only at relatively high_angles, however, because the 
small shear of the old I42d cell produces only a small 
difference in the orthorhombic a and b axes. I t  is 
fortunate that  one important set of reflections exists 
for which the interplanar spacing and intensities of 
the pairs are equal. A difference does exist in the phase 
of the structure factors, but this is a computational, 
not an experimental, problem. The planes giving rise 
to this set of reflections are the (HHL) planes. 

The set of (HHL) planes ifi Fdd and F4d2 correspond 
to the complete set of (OKL)planes in 1-42d. They 
are therefore the planes which would produce the zero 
layer line for an a-axis mounting in 1-42d, and if these 
observations were used in a Fourier synthesis one would 
obtain an electron-density projection on (100). As can 
be seen from Table 1 and Fig. 2, this single projection 
determines all three of the oxygen parameters. More- 
over, a center of symmetry occurs in projection at 
Y = 0, Z = ~, vhich simplifies the Fourier analysis. 
In F4d2 and Fdd these data would yield a projection 
on (110), although the center of symmetry vanishes 
in the case of Fdd. The coordinates (r, s, t) measured 
on (110) could then be transformed so as to refer to the 
proper axis : 

x = r+s; y = - r + s ;  z = t .  

One difficulty does appear in the case of ~'dd. The 
oxygen peaks necessary for determining s 1 and s~ lie 
so close together that  only an average of the two co- 
ordinates can be measured. I t  was possible to solve this 
s 1 and s~ question in another manner. 

If a sufficiently high field could be applied parallel 
to the c axis, it would be possible to align all of the 
domains in unidirectional polarization, and the (HKL) 
and (KHL) ambiguity could be removed. After some 
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experimental difficulties were surmounted, it was 
possible to mount a small crystal on its c axis for 
X-ray observation while a high field was maintained 
parallel to the c axis. This permitted the obtaining of 
distinct sets of x, y coordinates for the oxygens. Use 
of this technique with an I42d a-axis mounting was 
not feasible, because of interference of the electrodes 
with the direct and diffracted X-ray beams. 

The order of the experimental work differed from 
that  described below. The (HKO) data were observed 
first, and the (HHL) data were obtained later by re- 
cording 126°K. F4d2 and l16°K.  Fdd reflections 
side by side on the same oscillation photographs, using 
a multi-layer-line screen with a movable camera. All 
observations were made with Zr-filtered Mo Kc~ ra- 
diation. No corrections other than the Lorentz- 
polarization were made on the observed data, since 
both extinction and absorption were negligible. Tem- 
perature corrections were applied to the calculated 
structure factors. The Hartree atomic scattering curves 
tabulated in the International Tables (1944), with 
extension as given by Viervoll & (}grim (1949), were 
used in all calculations. 

4. The  s tructure  above the Curie point  

(A) Projection on (110) in F-4d2 
A crystal approximately 1-0 × 0.2 × 0.25 ram. a in 

dimensions, with the long dimension parallel to the 
a axis, was mounted parallel to the rotation axis of 
the low-temperature goniometer. A complete set of 
oscillation photographs was taken, with observations 
above and below the transition temperature recorded 
on the same film for each oscillation range. A multi- 
layer-line shield was used in conjunction with a camera 
which could be moved parallel to the rotation axis. 
The exposures at the two temperatures, 116 ° K. and 
126 ° K., were of equal length, and care was taken 
that  the tube current remained constant. Several 
photographs at different exposure times were made 
for each of the l0 ° oscillation ranges. A 2 ° overlap 
insured the observation of all the reflections and per- 
mitted proper scaling of observations from different 
ranges. This procedure resulted in several measure- 
ments for every reflection. 

Measurements of cell dimensions agreed to four 
figures with values calculated from thermal contraction 
data given by de Quervain (1944) and by Ubbelohde 
& Woodward (1947). These were later rechecked by 
differential comparison with room-temperature ob- 
servations. The values found were: 

a (/~) b (A) c (/~) 

126 ° K .  ( z ~ 2 )  10.48 10.48 6.90 
116 ° K .  (_~dd) 10.53 10.44 6.90 

By shifting the origin to the apparent center of 
symmetry at Y = 0, Z = is, all of the phase angles 
for the (110) projection in F-42d were reduced to choices 

between 0 and 180 °. I t  was assumed that  the room- 
temperature parameters would not change by amounts 
sufficiently large to alter any of the signs except 
perhaps those of very weak reflections. The atomic 
scattering curves in these preliminary calculations 
were corrected for temperature by using an approxi- 
mate temperature parameter determined from a few 
measurements by de Quervain (1944) and from the 
experimental scattering curves at room temperature 
determined by West. 

A density projection was computed on X-RAC, 
(Pepinsky, 1947) assuming that  the observed structure 
factors had the same signs as the corresponding cal- 
culated values. The new oxygen parameters obtained 
were then re-entered into the structure-factor cal- 
culations to check for changes in signs. Further po- 
sitional refinements and the determination of more 
accurate temperature parameters were obtained from 
(Fo-Fc) syntheses, as discussed in the next section. 

The final electron-density projection on (ll0) in 
F4d2 is shown in Fig. 4, as photographed from X-RAC. 
The horizontal grid lines represent twentieths of the 
c axis, and the vertical lines are at fortieths of the 
F-4d2 base diagonal or twentieths of the a axis in 
I42d. The origin, at the apparent center of symmetry, 
is located near the center of Fig. 4(a). The heavy 
peaks on the central vertical coordinate line are super- 
posed P and K maxima. The two nearest the center 
are the P peaks. The fairly high peaks on either side 
of the center of symmetry in the horizontal direction 
are superimposed oxygens from the two P04 groups. 
The horizontal distance of these peaks from the center 
of symmetry gives the s parameter in F-4d2. Finally, 
the small peaks are single oxygens, and their horizontal 
distances from the central vertical coordinate line 
measure the r parameter in F4d2, while their vertical 
distances from the nearest phosphorus peaks measure 
the z parameter. Hydrogens connect the two super- 
imposed oxygens by bonds nearly perpendicular to the 
plane of the figure, and connect by nearly horizontal 
bonds the single oxygen peaks near the center with 
those near the edge of the figure. Fig. 4(b) is an 
X-RAC enlargement of a portion of Fig. 4(a). 

The final transformed oxygen coordinates obtained 
in the refinement described below were: 

x = 0.118, y = 0.033, z = 0.132. 

A tabulation of the interatomic distances and dis- 
cussion of the structure follows the analysis of the 
orthorhombic structure. 

(B) Refinement procedure 
I t  was clear in the beginning of the (Fo-Fc) 

syntheses that  anisotropic temperature corrections 
would be necessary. This is evident, in fact, from the 
electron-density map itself. One can see distinct 
ellipticity in the peaks in Fig. 4. Ordinarily one 
corrects the atomic scattering power of an atom for 
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Fig. 4. (a) Electron-density projection of KH2PO 4 on (110) at 126 ° K. (b) Upper part of KH2PO 4 asymmetric unit 
projected on (110) in Fdd at 126 ° K. 

thermal  agitat ion in a structure by determining a value 
of B in the equat ion 

f j  = f~o) exp [-Bisg] ,  

where j refers to the par t icular  atom considered, s is 
the value of sin 0/2 for the reciprocal-lattice point  
considered, and f~0) is the temperature-uncorrected 
scattering power of the atom for t ha t  value of s. 
The temperature  correction parameter  B i is directly 
related to the .actual the rmal  agitat ion by  

Bj = 8u~Uj~, 
where Uj~ is the mean square displacement  of the j t h  
atom from its average position in a direction normal  
to the reflecting plane. Thus, while the magni tudes  
of the B's do not follow directly from the electron 
densi ty map, the ell iptici ty of the peaks affords a 
means of determining fair ly good ratios of the B's  
along the coordinate axes for any  one atom. This ratio, 
which should be equal  to the ratio of the squares of 
the major  and minor axes, was found to be about  1.3 
for all of the atoms. Actual ly  the oxygen ellipses are 
not quite parallel  to the axes, but  were assumed to 
be so. 

A certain amount  of information was at hand  for 
beginning the determinat ion of the anisotropic B 
magnitudes.  As ment ioned earlier, an approximate  
value of B for all of the atoms was determined during 
the calculation of signs. This was about  0.5/~2. 
Furthermore,  the (00L) and (HHO) reflections involve 
only the B's  corresponding to the coordinate directions 
in Fig. 4(a), and these could be used not  only to 
determine magni tudes  but  also to check the ratio 
derived from the peak ellipticities. In  addition, use 
could be made of the three classes of structure factors: 

(a) ± ( P - K i + O ,  H and L both odd; 
(b) +(P+K)±O,  H and L both even and L = 4 n ;  
(c) ± 0 ,  H and L both even but  L:~4n; 

where the symbols,  P,  K and 0 represent the total  
contr ibution of the appropriate atoms. The final class 
permit ted  the atomic corrections for oxygen only. The 
approximate  corrections for oxygen could then be 
used in (a) and (b), which taken together permit ted 
separat ion of approximate  P and K corrections. From 
these various sources, values were obtained for the 
B's  as follows: 

Bp, 1 = 0"36/~-2 Bp, a = 0"47 A -~ 
BE,1 ---- 0"30 BK, a = 0"40 
Bo, 1 = 0"45 Bo, 3 = 0"55 

The first subscript  refers to the kind of atom, and the 
second to whether B is to be used for (HHO) reflections 
(1) or to (00L) planes (3). The ratio of B's  for any  
one atom does come out close to 1.3 A -2. 

The B's  for reflections from planes not  perpendicular  
to the coordinate axes can convenient ly  be found by a 
simple geometrical  construction. If  Up, 1 and Up, a are 
the root-mean-square displacement  components of a 
phosphorus atom along the coordinate directions 
parallel  to the (110) plane of projection, then  

Bp, l = 8~ 2U~,,3 and B p , 3 =  8~ 2U~,1. 

The U's define an ellipse in direct space. They also 
define an ellipse in reciprocal space, however, and this 
is much  more convenient ly  used. I ts  semi-axes are 
proportional  to (Bp,1)-½ and (Bp, a)-½. I t  is to be re- 
called tha t  the reciprocal-lattice vector from the origin 
to a reciprocal-lattice point  (corresponding to a plane 
of reflection) is perpendicular  to tha t  plane in direct 
space. Hence the value of U in the direction of the 
reciprocal-lattice vector is the value appropriate to 
the tempera ture  parameter  for the reflecting plane. 
Thus one can construct an ellipse in reciprocal space 
with semi-axes equal to (Be, l)-½ and (Bp, a)-½ and 
obtain the proper BP, HHL from the radius vector 
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HHL Fc FÜ 
0 0 4  - - 1 4 . 0  - - 1 1 . 9  

008 67"8 55 .5  
0 ,0 ,12  - - 1 1 . 3  - - 1 2 . 1  
0 ,0 ,16  19.7 22 .3  

220  110.9  95 .5  
4 4 0  33 .4  40 .4  
660  57-2 53 .6  
880  46.1  47 .2  

10 ,10 ,0  33 .8  40.1  
12 ,12 ,0  42 .8  49 .9  
14 ,14 ,0  31 .7  30.1 
16 ,16 ,0  9 .5  10.3 
18 ,18 ,0  7.7 8.7 

111 18.2 20 .6  
331 - - 4 8 . 4  - - 5 7 " 8  
551 - -  2 .9  - -  5 .7 
771 13.5 13.3 
991 - - 1 1 . 0  - -  8 .8 

1 1 , 1 1 , 1  - -  9 . 0  - -  9-4 
13,13,1  4 .5  5.1 
15 ,15 ,1  - -  3 .4  - -  
17 ,17 ,1  - -  6"9 - -  9 .7 

222  - -  34 .4  - -  39 .2  
442  - -  7 .4 - -  9 .3 
662 34 .9  37-4  
882 9.7 11.3 

10 ,10 ,2  - - 1 7 . 4  - - 1 8 . 1  
12 ,12 ,2  - -  5-5 - -  6 .5 
14 ,14 ,2  2.9 - -  
16 ,16 ,2  - -  1.4 - -  

113 33 .3  31 .5  
333  - - 2 2 . 5  - - 2 7 . 2  
553  1.5 2.9 
773 15.0 '13.9 
993 - -  4-3 - -  3 .5 

11 ,11 ,3  - -  0 .6  - -  
13 ,13 ,3  11.7 12-0 
15 ,15 ,3  1.8 - -  
17 ,17 ,3  - -  3 .4 - -  3 .6  

224  - - 6 5 . 7  - - 7 0 . 2  
444  - - 8 8 - 1  - - 8 6 - 5  
664  - - 5 4 . 1  - - 5 3 . 5  
884 - - 4 4 . 4  - - 4 2 . 0  

10 ,10 ,4  - - 3 8 . 4  - - 4 2 - 6  
12 ,12 ,4  - - 1 5 - 9  - - 1 8 . 2  

Table 4. Structure factor comparison; (HHL) in Fdd2 

HHL Fc -~o 
14 ,14 ,4  - -  13.3 - -  13.5 
16 ,16 ,4  - - 2 4 . 6  - - 2 5 . 3  
18 ,18 ,4  - - 1 7 . 6  - - 1 6 . 8  

115 12.7 15.5 
335  - - 1 4 . 9  - - 1 1 . 4  
555  6-3 10.0 
775 16.9 12.7 
995  - -  3 .6  - -  3 .7 

11 ,11 ,5  - -  2 .9 - -  
13 ,13 ,5  8.8 7.9 
15 ,15 ,5  2 .2  - -  
17 ,17 ,5  - -  1.5 - -  

226  - - 1 3 . 6  - - 1 4 . 0  
446  - -  3 .8 - -  4-8 
666  22 .6  21 .6  
886  7.1 9.5 

10 ,10 ,6  - - 1 3 . 9  - - 1 2 . 2  
12 ,12 ,6  - -  4.5  - -  3.4  
14 ,14 ,6  2 .4  - -  
16 ,16 ,6  - -  1.2 - -  

117 9 .8  9"3 
337 - -  15.6 - -  12-3 
557  - -  5 .8  - -  2 .2  
777 3 .8  5 .7  
997  - -  8.1 - -  8-1 

I I , I I , 7  - -  0"9 
13 ,13 ,7  5-1 4 .5  
15 ,15 ,7  - -  2 .8  - -  2 .7  
17 ,17 ,7  - -  6.7 - -  7 .4 

228  44 .5  42"6 
448  24 .8  22-1 
668  33"2 30"3 
888 28"7 27 .9  

10 ,10 ,8  22"0 20 .2  
12 ,12 ,8  28 .6  30"3 
14 ,14 ,8  22"0 26-8  
16 ,16 ,8  6"0 5"2 

119 - -  0"7 - -  4 .7  
339 - - 1 2 . 3  - - 1 1 . 5  
559  0 .6  - -  
779  7-1 7.3 
999 - -  7 .2 - -  10.6 

11 ,11 ,9  - -  8 .4  - -  4 .5  
13 ,13 ,9  - -  0"6 - -  

HHL Fc 2'0 
15,15 ,9  - -  1.7 - -  

2 , 2 ,10  - -  7 .0  - -  7.1 
4 , 4 , 1 0  - -  2.1 - -  
6 , 6 ,10  13.8 15.9 
8 ,8 ,10  4 .7  4 .4  

1 0 , 1 0 , 1 0  - -  9 . 6  - -  6.4  
1 2 , 1 2 , 1 0  - -  3.1 - -  
1 4 , 1 4 , 1 0  1-7 - -  

1 ,1 ,11 11.1 9-8 
3 ,3 ,11  - -  4 .2  - -  3.1 
5 ,5 ,11  0 .0  - -  
7 ,7 ,11  6.1 6-2 
9 ,9 ,11  - -  0 .7 - -  

1 1 , 1 1 , 1 1  - -  0 . 1  

13 ,13 ,11  7.9 7.1 
2 ,2 ,12  - - 2 3 . 2  - - 2 1 . 1  
4 , 4 , 1 2  - - 3 1 . 1  - - 3 1 . 3  
6 ,6 ,12  - - 2 1 . 6  - - 2 5 . 1  
8 ,8 ,12  - - 2 1 . 0  - - 1 5 . 9  

10 ,10 ,12  - - 1 7 . 4  - - 1 4 . 8  
12 ,12 ,12  - -  7 .6 - -  5 .5  

1 ,1 ,13  3 .0  5 .6  
3 ,3 ,13  - -  2 .7 - -  
5 ,5 ,13  5 .7  8-6 
7 ,7 ,13  9.4 11.5 
9 ,9 ,13  - -  1.0 - -  

11 ,11 ,13  - -  2-6 
13 ,13 ,13  2-8 2 .9  

2 , 2 , 1 4  - -  3-9 - -  
4 , 4 , 1 4  - -  1.2 - -  
6 , 6 ,14  8"0 10.2 
8 ,8 ,14  2 .7  - -  

1 0 , 1 0 , 1 4  - -  5 .6  - -  7.5 
1 ,1 ,15  - -  2 .2  - -  
3 , 3 ,15  - -  6 .0  - -  5 .8  
5 ,5 ,15  - -  4 .4  
7 ,7 ,15  - -  0-6 - -  
9 ,9 ,15  - -  3 .3 - -  
2 , 2 , 1 6  12-0 14.0  
4 , 4 , 1 6  7 .6  7.9 
6 , 6 , 1 6  11.6  10.2 
8 ,8 ,16  9 .6  7.8 
1 ,1 ,17  - -  2 .0  - -  2 .9  
3 ,3 ,17  - -  4 .0  - -  4 .2  

Q = (Br ,~z)-½ 

parallel to the reciprocal-lattice vector corresponding 
to (HHL). 

The values of B given above for the various atoms 
were refined by several (Fo-2,c) syntheses (positional 
refinements were executed simultaneously). The final 
values were obtained by an application of the method 
of least squares. I t  was assumed for simplicity in this 
tha t  the degree of anisotropy had been taken care of 
within the accuracy of the data, and thus tha t  the final 
changes in the B's could be treated as small isotropic 
perturbations of the anisotropic B's already obtained. 
A brief description of the method follows. 

One begins with the expression 

F o = (1 + A K ) . ~ ° )  exp [-(B/+b/)s 2] cos 0j 
o r  

Fo = (1 + A K ) . ~ f i  exp [-bjs ~] cos 0j, 
i 

where 2,° is an observed structure factor approximately 
on an absolute scale; A K  is the correction to absolute 
scale; fj is the atomic scattering power of the j t h  atom 
for the proper value of s and with the approximate 
temperature correction parameter  Bj; bj is the iso- 
tropic correction for Bi; and cos 0 i contains the 
positional effect of the j t h  atom on the total  amplitude 
of the structure factor. By expanding the exponential 
and neglecting powers of bj and products of bj with 
AK, the equation can be rewritten: 

Fo = 2 f j  cos Oj+AK ~ , f j  cos Oj- Z f j  cos Ojbjs 2 . 
J j J 

But 
F c = ~ ' f j  cos 0j = FgP)+F(fi)+F(~ °) , 

J 

w h e r e  F c  i s  t h e  c a l c u l a t e d  s t r u c t u r e  f a c t o r  c o r r e s -  

p o n d i n g  t o  2 'o ,  a n d  F ~ ) ,  2 , ( f i ) ,  a n d  2 , (o)  a r e  I t h e  t o t a l  

c o n t r i b u t i o n s  t o  F ~  f r o m  t h e  P ,  K a n d  0 a t o m s  

r e s p e c t i v e l y .  
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One can then write 

F o -  F c = F c , 4  K -  s ~ F ~ )  b e -  82F(¢ K) bK-- s2F(~ °) bo .  

There are as m a n y  such equations as there are struc- 
ture factors. I n  an obvious way,  one m a y  form the 
four s imultaneous equations for solution for the four 
unknowns AK,  bp, bK and bo: 

~VFc(Fo-F~) = X[F~ AK-s~FcF~)bp-s2F~ F(~K)bK 

-s~F¢F (°) bo] ; 
,~s2F~) ( F o -  Fc) = ,~[s2F(~P)F~/I K -  s4F(P) bp 

- -  84F~)F(cK) b K -  84F (P) F(~ °) bo] ; 

XsgF(~ K) ( F o -  Fc) = X[s~F(~K)F~AK- s4F~K) F~P) bp 

- s4F (K)2 bK-  s4F(~K)F(~ °) bo] ; 

Xs~F(~ °) ( Fo - F~) = ~W[s~F(~°)Fc A K - saF~°)F~) bp 
- s4F(~°)F(~ ~) b ~ - s4F(~ °)~ bo] • 

The final values so obtained for the B's were 

Br,1 = 0.359 A -e 

BK,1 : 0.426 

Be, 1 = 0.439 

Bp, a = 0.485 A -2 

BK,3 = 0-552 

Bo, a = 0.565 

The Fc's were then recalculated with the  appropr ia te  
values of the new B's,  and the Fo's were rescaled by  
multiplying each of the old Fo's by (1 + A K )  -1. These 
quantit ies are compared in Table 4. A discussion of 
the correlation of the F ' s  is given af ter  the  description 
of the s t ructure  below the Curie point. 

5. The s tructure  be low the Curie point  

(A) Projection on (001) in Fdd 
The crystal  used in gather ing (HKO) d a t a  for an 

(001) projection of the or thorhombic s t ructure  was 
mainta ined in single-domain form during observat ion 
by application of an external  electric field. This was 

I ® 

Fig. 5. Arrangement for applying electric field to crystal 
inside low-temperature Dewar vacuum. A: Goniometer 
dewar; B: Wood's-metal seal ; C: glass bulb ; D : picein seal; 
E: lead wire; 2': copper goniometer head. 

accomplished by  mount ing a crystal  of dimensions 
about  0 -2×0 .2×  1.0 mm. a in the manner  shown in 
Fig. 5. A drop of conducting silver paint  was used to 
stick the crystal  to the copper goniometer head. After  
drying the  paint  thoroughly  with a lamp, a simple jig 
with suitable centering and elevation adjus tments  was 
used to connect the fine high resistance wire lead to the 
lower end of the crystal .  The bot tom electrode was 

Fig. 6. KH~PO 4 asymmetric unit projected on (001) at 116 ° K. 

formed by closing a small loop at  the end of the wire 
with silver paint .  J u s t  before the connection to the  
crystal  was effected, another  drop of paint  was placed 
on the  loop. Af ter  redrying,  both connections were 
s t rengthened by coating the  crystal  and the electrodes 
with a thin quick-drying varnish.  

The crystal  was oriented a t  room tempera ture  with 
the  vacuum-seal ing bulb removed.  The dewar  was 
then  sealed, and the  possibility t h a t  the  wire would 
introduce an excessive heat  leak was checked by  taking 
photographs  a t  low tempera ture ,  wi thout  an applied 
field. The t ransi t ion was still observed. A field of about  
5000 V.cm. -1 was main ta ined  during subsequent  oscil- 
lation photographs.  

Signs were calculated for the observed s t ructure  
factors on the assumpt ion t h a t  the oxygen x and y 
paramete rs  did not  change in the  transit ion.  Trial 
projection on X-RAC and one more calculation were 
sufficient to fix all of the  signs. The asymmetr ic  unit  
from the final electron-density map  is shown in Fig. 6. 
The heavy  peaks are superimposed P and K peaks. 
The parameters  for the two oxygens were 

x t = 0.114 Yl = 0.034 
x 2 = 0.114 Y2 = 0.036 

These sets were so near ly  equal t h a t  it was assumed 
for the s t ructure-factor  comparison in Table 5 t ha t  

x 1 = x 2 = 0-114, and Yl = Y2 = 0.035.  

The tempera ture  corrections applied to the calculated 
s t ructure  factors in the  table were the Bj, 1 found for 
the (HHL) reflections discussed below. 
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T a b l e  5. (HKO) structure factor 

HKO 2'c Fo 
040 74-3 94-4 
080 76-3 76.2 

0,12,0 25.0 19.2 
0,16,0 28.8 26.2 
0,20,0 20.4 16.9 
0,24,0 19-0 17-9 
0,28,0 16.0 10.2 

400 74-5 96-9 
800 76.8 83-2 

12,0,0 24.9 20-7 
16,0,0 29.3 26-8 
20,0,0 20.6 16.0 
24,0,0 19.2 15.8 
28,0,0 16.3 11.1 

220 113.2 138.2 
240 --27.2 --25.0 
260 63.8 65.2 
280 --24.7 --26.3 

2,10,0 60.5 56.2 
2,12,0 - -  1.2 - -  
2,14,0 29-4 25.8 
2,16,0 0"6 
2,18,0 34"0 33.2 
2,20,0 10"4 15.0 
2,22,0 13"3 11.1 
2,24,0 1.8 
2,26,0 17.5 13-9 
2,28,0 1.5 

420 27-2 26.8 
440 38.8 34.9 
4 6 0  - -  24 .4  - -  24.1 

4 8 0  72.1 76.7 

4,10,0 5"8 - -  
4,12,0 49.1 43.1 
4,14,0 -- 4.3 - -  
4,16,0 41.7 40.7 
4,18,0 4-0 - -  
4,20,0 22.7 20.4 
4,22,0 1-4 - -  
4,24,0 11.4 16.6 
4,26,0 -- 0.3 - -  
4,28,0 7.2 6.7 

620 63.9 72-8 
640 24.3 25.3 
660 57.3 63.0 
680 5.9 11.2 

6,10,0 52-6 49.6 
6,12,0 12.7 11.0 
6,14,0 37-$ 36.8 
6,16,0 --11.8 --10-5 
6,18,0 28.8 28-0 
6,20,0 0.6 - -  
6,22,0 15-6 15-4 
6,24,0 -- 8.9 - -  
6,26,0 11.3 7.7 
6,28,0 3"8 - -  

HKO lec 
820 24.6 
840 72.3 
860 -- 5"9 
880 42.9 

8,10,0 14.1 
8,12,0 31-5 
8,14,0 -- 5.1 
8,16,0 20.4 
8,18,0 -- 0"9 
8,20,0 19.1 
8,22,0 -- 3.2 
8,24,0 16.6 
8,26,0 -- 1.8 
8,28,0 12-3 
10,2,0 60.8 
10,4,0 -- 5.8 
10,6,0 52.6 
10,8,0 -- 13.9 

10,10,0 30.3 
10,12,0 2.3 
10,14,0 28.6 
10,16,0 -- 2-7 
10,18,0 14-8 
10,20,0 9.6 
10,22,0 19.9 
10,24,0 -- 0.9 
10,26,0 10.6 

12,2,0 1.2 
12,4,0. 49.4 
12,6,0 --12.7 
12,8,0 31"5 

12,10,0 -- 2.3 
12,12,0 41.4 
12,14,0 -- 1.8 
12,16,0 24.6 
12,18,0 4.7 
12,20,0 18.5 
12,22,0 3.5 
12,24,0 10.2 

14,2,0 29-6 
14,4,0 4-4 

14,6,0 37.4 
14,8,0 5.1 

14,10,0 28.8 
14,12,0 1.9 
14,14,0 36.1 
14,16,0 -- 1.7 
t4,18,0 14.8 
14,20,0 -- 3.2 
14,22,0 16.5 
14,24,0 -- 1.6 

16,2,0 -- 0-6 
16,4,0 42-0 
16,6,0 11.8 
16,8,0 20.5 

comparison (field applied) 
Fo HKO 

25.6 16,10,0 
78.4 16,12,0 

--11.1 16,14,0 
45.3 16,16,0 
15.7 16,18,0 
28-7 16,20,0 
- -  16,22,0 
22.5 16,24,0 
- -  18,2,0 
16.9 18,4,0 

- -  1 8 , 6 , 0  

12.9 18,8,0 
- -  18,10,0 

7.0 18,12,0 
62.5 18,14,0 
- -  18,16,0 
49.0 18,18,0 

-- 15-0 18,20,0 
29-0 18,22,0 

- -  2 0 , 2 , 0  

33.8 20,4,0 
- -  20,6,0 
19.2 20,8,0 
- -  20,10,0 
12.4 20,12,0 
- -  20,14,0 

7-6 20,16,0 
- -  20,18,0 
45-2 20,20,0 

-- 14.4 22,2,0 
27.1 22,4,0 

22,6,0 
42.8 22,8,0 
- -  22,10,0 
27.2 22,12,0 
- -  22,14,0 
15-8 22,16,0 

- -  22,18,0 
10-5 24,2,0 
28-0 24,4,0 
- -  24,6,0 
34.6 24,8,0 
- -  24,10,0 
27.8 24,12,0 
- -  24,14,0 
31.5 24,16,0 
- -  26,2,0 
16.9 26,4,0 
- -  26,6,0 
11.8 26,8,0 

- -  26,10,0 
- -  28,2,0 
42-6 28,4,0 
10-4 28,6,0 
19.0 28,8,0 

~o 
2.7 

24-6 24.9 
1.6 

13.0 18-8 
- 4 . 9  

13-9 10-1 
- 3 . 6  

11.1 7-3 
34.2 33.0 

- 4 - 1  

29.0 26.2 
0.9 

14.9 10.4 
- 4 . 8  

1 4 - 8  11-2 
4.9 
8.0 10.5 

- 2 - 1  

13-4 7-3 
- 1 0 . 4  -16 -3  

22.9 17.0 
- 0 . 6  

19-2 17.8 
- 9 . 6  

1 8 - 6  20.6 
3.2 

13.9 13.8 
2.1 

10-7 10.1 
13.4 10.8 

- 1 . 4  

15-8 16-6 
3.2 

20.0 17-6 
- 3 . 6  

1 6 . 6  13-3 
3.6 

13-5 7.7 
- 1 . 8  

1 1 . 6  12.9 
9.1 

16.8 9.8 
0.9 

10.3 8.7 
1.7 

11.2 6.8 
17.7 11.7 
0.3 

11.4 8-0 
1.8 

10.6 
- -  1 . 5  

7-5 6-7 
- -  3 . 9  

12.5 6.5 

(B) Projection on (110) in Fdd 
T h e  c e n t e r  of s y m m e t r y _ a t  t h e  c o o r d i n a t e  o r ig in  in  

t h e  (110) p r o j e c t i o n  fo r  F4d2 is d e s t r o y e d  in  t h e  t r a n -  

s i t i on  t o  F d d .  M a k i n g  use  of t h e  r e s u l t s  o b t a i n e d  f r o m  
t h e  p r e c e d i n g  p r o j e c t i o n ,  a n d  w i t h  c e r t a i n  c r y s t a l -  

c h e m i c a l  a s s u m p t i o n s ,  i t  w a s  poss ib le  t o  p r o c e e d  r a t h e r  
d i r e c t l y  w i t h  t h e  a n a l y s i s .  Al l  of  t h e  o x y g e n  p a r a -  

m e t e r s  e x c e p t  z 1 a n d  z 2 h a d  a l r e a d y  b e e n  d e t e r m i n e d  
b y  t h e  p r o j e c t i o n  on  (001). I n  a d d i t i o n ,  i t  w a s  n o t i c e d  

t h a t  t h e  g r e a t e s t  c h a n g e s  in  o b s e r v e d  i n t e n s i t i e s  

o c c u r r e d  fo r  t h o s e  r e f l e c t i o n s  h a v i n g  b o t h  H a n d  L o d d .  
T h i s  w a s  p a r t i c u l a r l y  u s e f u l  in  a r r i v i n g  a t  a t r i a l  

s t r u c t u r e  f o r  t h e  f i r s t  F o u r i e r  s y n t h e s i s .  
T h e  s t r u c t u r e  f a c t o r s  f o r  t h e  (110) p r o j e c t i o n  c a n  

be  d i v i d e d  i n t o  t h e  f o l l o w i n g  c lasses :  

(a) ± ( P + K  e x p  [2:~iLzk])±(O 1 e x p  [2~ziLZl] 
+ 0 3 e x p  [ - -  2:~iL%]) 
fo r  H a n d  L e v e n  b u t  L = 4 n ,  

(b) + ( 0 1  e x p  [2:HLz]+02 e x p  [-2:HLz2] ) 
fo r  H a n d  L e v e n  a n d  L # 4 n ,  
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(e) :£(P-K exp [2zdLzk])±(O 1 exp [2ziLzl] 
+ 09 exp [-2zdLz2] ) 
for H and L odd. 

Since zk is necessarily a small  quant i ty ,  the P and K 
contributions are largely addit ive in (a), but  sub- 
t ract ive in (c). Hence the changes in in tens i ty  due to 
zk will evident ly  represent much  higher percentages of 
the total  in tens i ty  in (c) t han  in (a). Wi th  regard to (b) : 
it is known from other structures involving P04 
te t rahedra  (modifications of P205, for example:  de 
Decker & MacGillavry, 1941; de Decker, 1941) tha t  
considerable differences in the P, 0 bond character  
do not seriously alter the regular i ty  of the 04 tetra- 
hedra. Hence one would expect z 1 and z 2 to differ by  
approximate ly  equal but  opposite amounts  from the 
single parameter  z in $'4d2. Since it had  a l ready been 
shown tha t  the changes in the x and y parameters  
are quite small, the type (b) s tructure factors would be 
expected to differ in phase, but  very lit t le in magni- 
tude, from those in .F4d2. 

A structure was assumed, based on trial  calculations 
involving only the odd reflections. This was used to 
calculate phases for the complete set of s tructure fac- 
tors, and a projection was then  made, using X-RAC. 
The pseudo-center at  Y = 0, Z = ~ was chosen as the 
projection origin. Wi th  the P 's  chosen to define the 
lattice, as in Table 3, the K ' s  and O's were assumed 
to differ from their  126 ° K. positions, by  a displace- 
ment  of 0.04/~ in the c direction. The result ing den- 
si ty map  gave the K peaks and the O~ peaks in 
positions 'displaced fur ther  t han  assumed, and the 01 
peaks roughly in the assumed position. 

Recognizing tha t  a computed peak will lie between 
its assumed and its true position, new positions for 
K and 02 were assigned. Several densi ty maps  were 
computed before the peaks settled in stable positions 
and the correctness ratio R stopped decreasing. At 
this point the (Fo-Fc) method was applied. Up to 
this t ime the tempera ture  corrections determined 
above the Curie point  had  been used in the calculated 
structure factors. These gave fair ly good agreement  
below the Curie point ;  but  during the f inal  (Fo-Fc) 
computat ions sl ightly different B's  effected a fur ther  
reduction in R. The values adopted were 

Bp,1 = 0.350 A -2 Bp,3 = 0.473/~-2 
BE,1 ---- 0.415 BE,3 = 0.538 
Bo, 1 -- 0.428 Bo, s = 0.550 

The final electron-density map  is shown in Fig. 7(a), 
and enlargements of the upper and lower portions 
are shown in Figs. 7(b) and 7(c) respectively. Com- 
paring these with the 126 ° K. projection in Figs. 4(a) 
and 4(b), it  is seen tha t  the P peaks remain  half -way 
between grid lines on the c axis (as they  should, since 
these atoms were chosen to define the lattice), but  
shifts in the c direction are clearly seen for the K 
and 0 peaks. 

I t  is to be recalled tha t  the superposition of two 

(a) 

(b) 

i C 

( c )  

Fig. 7. (a) Electron-density projection of KH2PO 4 on (110) 
at 116 ° K. (b) Upper portion of KH~PO 4 asymmetric unit 
projected on (ll0) in FTtd2 at 116 ° K. (c) Lower portion of 
KH2PO 4 asymmetric unit projected on (ll0) in Fdd at 
116 ° K. 
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T a b l e  6. Structure factor comparison; (HHL)  in Fdd 

HHI, Cos Sin IFcl [.Fol 
004 --0.96 - 0 . 2 5  12.9 12.0 
008 0.95 0.31 67-2 56.0 

0,0,12 --0.78 --0.62 8"3 12.2 
0,0,16 0.79 0.62 18.9 22.5 

220 1.00 0.00 112.1 96.3 
440 1"00 0.00 36.5 40.7 
660 1.00 0.00 58-1 54.1 
880 1.00 0.00 45.0 47.6 

10,10,0 1.00 0"00 32.6 40.5 
12,12,0 1.00 0.00 44.4 50.4 
14,14,0 1.00 0-00 34.0 32.0 
16,16,0 1"00 0.00 11"5 11.6 
18,18,0 1.00 0.00 8.8 8.4 

A l l  1.00 --0.08 18-7 20.8 
331 1.00 -- 0"08 50.6 56.5 
551 --0.70 --0"75 3"6 5.8 
771 1-00 --0"07 12.4 13.4 
991 --0.99 --0.14 11.6 9-9 

11,11,1 --0.99 --0.14 8.7 9.5 
13,13,1 0.96 --0.26 4.6 5.5 
15,15,1 --0.99 --0.15 4.1 
17,17,1 --1.00 --0.09 6.8 9.8 

222 --1"00 --0"07 36.4 40.4 
442 --1"00 0.08 8.9 9.4 
662 1-00 0.08 35-2 37-8 
882 1"00 0"08 10.7 11.4 

10,10.2 --1"00 --0"08 15.7 18.0 
12,12,2 --1.00 --0"08 4.9 6.6 
14,14,2 0"99 0.14 0.7 - -  
16,16,2 --1"00 --0"06 3.3 

113 0"96 0.30 34.9 31.9 
333 --0-99 0.14 23.3 27.4 
553 0.46 0.90 5.7 5-9 
773 0-94 0.35 15"9 14.0 
993 0"90 0.46 5"7 5.0 

11,11,3 --0.20 0.99 2.5 - -  
13,13,3 0.96 0.25 12-4 13.2 
15,15,3 0.70 0"74 2.3 - -  
17,17,3 --0.97 0.28 2.9 3.6 

224 --0.99 --0"17 64.6 70.9 
444 --0"99 --0.16 86.3 87.3 
664 --0"99 --0"16 53"7 54"0 
884 --0"99 --0"16 46.8 42.4 

10,10,4 --0-99 --0-17 40.2 42.7 
12,12,4 --0-98 --0"19 15"6 19"6 
14,14,4 -- 0-98 -- 0" 19 12-5 12.2 
16,16,4 --0"99 --0"17 24"3 26.8 
18,18,4 --0"98 --0"17 18.1 17"1 

115 0"75 0"66 16-5 15"7 
335 --0"97 0.27 17"3 12.8 
555 0"50 0"87 9"0 10"1 
775 0.84 0.55 15.3 12-7 
995 --0.76 0"66 5-9 6"6 

11,11,5 --0.63 0"79 4-3 - -  
13~13,5 0.88 0.47 10.1 9.3 
15,15,5 0.30 0.99 2.7 - -  
17,17,5 --0.83 0.61 2.3 - -  

226 --0.98 --0-23 16.7 14.1 
446 --0-98 --0.22 4.6 4-8 
666 0-98 0.23 23.3 21-9 
886 0.98 0.22 8.2 9"6 

10,10,6 --0.98 --0.23 12.5 11-5 
12,12,6 --0.98 --0.23 4.8 2.8 
14,14,6 0.86 0-14 0.7 - -  
16,16,6 --0.96 --0.21 2-8 - -  

ll7 0.86 --0.51 12.5 11.2 
337 --0.73 --0.69 18.1 13.1 

HIlL Cos Sin ]Fc] IFo] 
557 --0-25 --0"98 8"7 8.8 
777 0.74 --0-68 8.0 10.5 
997 --0.67 --0.74 10.7 9.4 

11,11,7 --0.58 --0.82 7.2 2.8 
13,13,7 0.94 --0.36 6.1 7.0 
15,15,7 --0.56 --0-84 4.3 3.7 
17,17,7 --0.83 --0.57 6.9 8.7 

223 0.95 0.32 43.4 43.1 
448 0.94 0.34 24.1 21.8 
668 0"95 0-33 32.4 30"6 
888 0.94 0.34 26-4 28.3 

10,10,8 0.94 0"35 20-3 19.0 
12,12,8 0"95 0.33 29.3 30.6 
14,14,8 0.95 0"33 23-1 29-7 
16,16,8 0.93 0.39 6-7 7.7 

119 0-39 --0.92 8.9 11.3 
339 --0-60 --0.80 15.6 12.2 
559 0.31 --0.95 7-7 9-0 
779 0"90 --0.44 9-5 10.4 
999 --0.58 --0.82 9.2 10-7 

11,11,9 --0.62 --0.79 8.9 6.5 
13,13,9 0"65 --0.78 4-0 - -  
15,15,9 --0.44 --0.95 3"9 - -  

2,2,10 --0"93 --0"37 7.9 7-2 
4,4,10 --0.93 --0.37 2.7 
6,6,10 0"93 0.37 15.0 14-8 
8,8,10 0.93 0"36 5"6 4"9 

10,10,10 --0.93 --0"37 9.1 6.5 
12,12,10 --0.94 --0"37 3-0 
14,14,10 0.89 0.45 0.4 

1,1,11 0.49 0.88 12.8 12-6 
3,3,11 0.82 0.58 9"3 10.2 
5,5,11 --0.29 0"97 6-3 8-5 
7,7,11 0.40 0.93 9-2 12.6 
9,9,11 --0"64 --0.78 5.5 

11,11,11 --0.13 1.00 4.7 
13,13,11 0.66 0.75 9.0 9.0 

2,2,12 0-89 --0"53 20.4 20.2 
4,4,12 --0.88 --0"49 29.4 32-7 
6,6,12 0.83 --0"51 20.1 25.3 
8,8,12 --0"89 --0"50 20.8 16-1 

10,10,12 --0"87 --0.50 17.4 14.9 
12,12,12 -- 0.82 -- 0.58 5.9 5-6 

1,1,13 0.08 1.00 8.0 8.8 
3,3,13 --0.83 0.56 7"5 7-9 
5,5,13 0.13 1"00 7.9 9-4 
7,7,13 0.51 0"85 10-9 12.9 
9,9,13 --0.63 0.78 4.9 - -  

11,11,13 --0.81 0"60 4.7 - -  
13,13,13 0.29 0-96 4-9 5-9 

2,2,14 --0.87 --0"50 4.6 - -  
4,4,14 --0.88 --0.50 1-6 
6,6,14 0-87 0-51 9.1 11.2 
8,8,14 0-88 0.52 3.3 

10,10,14 --0.86 --0.51 5.7 7-6 
1,1,15 0-83 --0.49 6.6 4.7 
3,3,15 --0.28 --0-97 8.3 11.3 
5,5,15 --0.02 --0.99 6.3 3-0 
7,7,15 0.60 --0-83 4.7 - -  
9,9,15 --0.31 --0.96 5.5 7-2 
2,2,16 0.76 0.66 11.4 14.1 
4,4,16 0.69 0.73 5.5 8.0 
6,6,16 0.76 0.67 9.0 10.3 
8,8,16 0.75 0.67 7.5 7.9 
1,1,17 0-47 --0-88 4.3 5.5 
3,3,17 --0.20 --0.98 4.9 5.8 
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oxygens in the  two peaks near  the  central  horizontal  
grid line precludes separate  measurement  of s 1 and %. 
I t  was assumed t h a t  s 1 = s2, and  this was suppor ted 
by  the  (HKO) results obtained earlier, r~ and re, 
which can be measured  separa te ly  f rom the single 
oxygen peaks,  were found to be equal. 

The complete set of pa ramete rs  obtained was 

01" x 1 = 0.117, Yl = 0.035, z 1 = 0.136; 
0~: x 1 = 0-117, Yl = 0-035, z2 = 0.124; 
K :  zk = 0.0]2. 

The s t ruc ture  factors  are compared in Table 6. 

6. D i s c u s s i o n  of r e s u l t s  

The correctness rat ios calculated f rom Tables 4-6  
are 

R = 12-1 for (HHL) in F4d2; 
R -- 13.5 for (HKO) in Fdd; 
R = 11.8 for (HHL) in Fdd. 

In  obtaining these values the  zero observations were 
not  considered. When  the  zero observations were 
included, by  arbi t rar i ly  assuming t h a t  their  s t ruc ture  
factors  had  a value equal  to half  of the  lowest ac tual ly  
observed s t ruc ture  factor,  the  R 's  increased to the  
values 

R = 13.9 for (HHL) in F4d2; 
R = 16.3 for (HKO) in Fdd ;  
R = 13.8 for (HHL) in Fdd. 

The two s t ruc ture  determinat ions  and  the  room- 
t empera tu re  s t ruc ture  are compared  in Table 7. The 

O: 

K: 

O-H- -. 

Table 7 . .Compar ison of structures 
Room 
temp. 126 ° K. 116 ° K. 

0.116 
x 0-112 0.118 0-116 

0.035 
0-032 0.033 0.035 

0.139 0.132 ~ 0.136 
t 0.124 

0 0 0-012 

1"56/I~ 1.57 A ~ 1.58/k 
t 1.53 

( 2.55 
2.45 2.57 2.53 

2.59 2.57 2-54 
2-53 2-44 2.51 

2.89 
2.79 2-85 2.81 

2.79 
2.82 2.7O 2.78 

10-512 A 10.48 A 10-53 .~ 
10.512 10.48 10.44 

6.945 6.90 6.90 

y 

F, 

Zk 

P, 0 

0,0 

O, O' 
O 

K, O 

K, O' 

a 
b 
c 

in teratomie distances for the  la t te r  were calculated 
on the  basis of the  Wes t  oxygen paramete rs  and  
Ubbelohde & Woodward ' s  cell dimensions. I n  tabula t -  
ing the  x pa rame te r  for oxygen in Fdd,  somewhat, 
more weight was a t t ached  to the  (HHL) results be~ 
cause of the  lower value of R. In  the  tabula t ion  of 
in teratomic distances, P, O refers to  the  bond lengths 
in the  P04 groups;  O, O is the  distance between 
oxygens having the  same c elevation in a PO 4 group;  
O, O' is the  distance between those of opposite 
elevation relat ive to the  central  P a tom;  O - H  • • • O 
symbolizes the  hydrogen bond lengths;  K,  0 is the  
distance from a potass ium to the  oxygen neighbors 
which belong to phosphorous a toms having the  same 
(X, Y) coordinates;  and  K,  O' refers to those be- 
longing to P ' s  displaced f rom K by  (±¼, ±~) in the  
X and Y directions. The double values occurring in 
some cases in the  116 ° K.  s t ruc ture  have  been a r -  
ranged so t h a t  the  upper  value involves the  O 1 
oxygens and  the  lower value the  O~ oxygens. 

On cooling from room tempera tu re  to 126 ° K.  it  is 
noticed t h a t  the  somewhat  elongated PO 4 t e t r ahed ra  
assume a regular  shape. In  addition, two par t icu lar ly  
interest ing changes occur in other  distances. One of 
these is a marked  contract ion of the  hydrogen bonds.  
The other  is observed in the  dist inct  difference be- 
tween K,  0 and K,  0 ' .  The elongated K,  O distance 
has its principal  component  parallel  to the  c axis. I t  
is just  along this direction t h a t  preferent ial  v ibra t ion  
was found earlier, and it is also the  direction of 
spontaneous polarization. 

Below the t rans i t ion t empera tu re  the  O's form a 
pract ical ly  regular  te t rahedron,  bu t  the  P has  ' sagged'  
f rom its central  position. The displacement  of P is 
about  0.03 _~. An interest ing expansion of the  hydrogen  
bond is observed in the  t ransi t ion.  TMs and  the  K 
displacement  appear  to be most  significant results of 
the  s tudy.  The la t te r  is 0 .08 /k  relat ive to the  neares t  
P ' s  and 0.05 A relat ive to the  corresponding 04 te t ra-  
hedra.  

I t  is clear t h a t  the  theoret ical  aspects of ferro- 
electricity for the  KH2PO4-type crystals  mus t  be re- 

@-H H-(~\  / 

® 

/ \ / X Tc 

/ \ \®/ 
/ \@ o "-*, "o 

® 
,/ \ 

@ @ 
Fig. 8. Neighborhood of potassium atoms. 
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vised; however, Slater's assumption regarding the 
ordering of the hydrogens appears to be reasonable. 
In the first place, the expansion of the hydrogen bond 
in the transition supports such a view. In addition, 
if one assumes that  the hydrogens 'belong' to the 01 
set of oxygens, and have been 'lost' by the 02 set, 
then the observed lengthening of P, 01 and contraction 
of P, 0~ could be a reasonable consequence. Further- 
more, the change in the ionic environment of the K's 
would act so as to displace them in the proper direction. 
This is evident from Fig. 8, in which the neighborhood 
of the K's is shown schematically. 

The question remains as to how these changes could 
be 'triggered' in the transition. The hydrogen role has 
been emphasized heretofore, but a more complete 
answer might be the following. As the crystal is cooled, 
the hydrogen bonds begin to contract in the X, Y 
plane. The effect of this is to destroy the equidistance 
of the K 0  s arrangement. This causes the K to build 
up a preferred vibration parallel to c, which in turn 
induces a similar preferred vibration in the POe groups. 
Finally a critical temperature is reached, the Curie 
point, at which the K's 'lock in' to a position displaced 
from their previous centers of oscillation. The dis- 
placed K's then exert a polarizing influence on the 
POt groups and an electrostatic influence on the 
hydrogens. In this way the P's become displaced 
within their 0 t tetrahedra and the hydrogens become 
more ordered. 

The tentative model just described, or other such 
models that  seem to fit the structural results reported 
here, will depend on future verification of the structural 
role of the hydrogens in the transition. The best 
approach to this seems to be through neutron diffrac- 
tion. The results of the present investigation will 
greatly simplify such work, and should facilitate more 
extensive theoretical treatment of the general problem 
of the KH2P0a-type ferroelectrics as well. 
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The structure of the compound MnA1 e has been determined. A brief description is given of the 
experimental methods used, together with an estimate of the accuracy obtained in the structure 
analysis. Electron counts and Brillouin zone measurements provide qualitative evidence in support 
of Raynor's theory that in electron-rich phases the transitional metal atoms absorb electrons. 
Some interesting Mn-A1 and A1-A1 interatomie distances are discussed in detail and it is suggested 
that they, too, provide indirect evidence of the importance of electronic factors in the formation 
of this structure. 

1. In troduct ion  

The determination of the structure of MnA1 e forms 
part  of a programme of structural work on the 
aluminium-rich phases occurring in binary and ternary 
alloys of aluminium with the transitional metals of 
the first long period. The work of Raynor and his 
collaborators in Birmingham (see, for example, Raynor 

& Wakeman, 1947; Raynor & Waldron, 1948; Pratt 
& Raynor, 1951) has indicated that the investigation 
of these alloys is likely to be important for the further 
theoretical study of alloy formation. The present 
research was undertaken with the intention of helping 
to establish some of the factors which govern the 
formation of these stable intermetallic compounds. 

Assuming that these phases may be regarded as 


